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Abstract- -This  paper is concerned with the linear delay partial difference equation 
aAm+l,n+l ~ bAm+l,n ~ cAm,n+1 - dAm,n ~-pm,nAm-a,n-~" = O, 
where a and ~- are two nonnegative integers, a, b, c, and d are positive constants, and {Pl,j}, i , j  ~ No 
is a double real sequence. Sufficient conditions for this equation to be oscillatory are derived. ~) 2004 
Elsevier Ltd. All rights reserved. 
Keywords - -Par t ia l  difference equation, Oscillation. 
1. INTRODUCTION 
Recently, there are many papers that have been devoted to the development ofqualitative theory 
of difference quations [1-15]. Their significance is illustrated in applications involving random 
walk problems, mathematical physics problems, and numerical difference approximation prob- 
lems, etc. To further the qualitative theory of difference quations, in this paper, we shM1 
consider the partial difference quation of the form 
aA,~+l,n+l bAm+l,,~ + cAm,n+1 - dAm,n + pm,~Am-~,,n--~ = 0, (1.1) 
where a and ~- are two nonnegative integers, a, b, c, and d are positive constants, and {p~,j}, 
i, j c No is a double real sequence defined on i _> 0 and j >_ 0. 
By a solution of equation (1.1) we mean a real double sequence {u~j} which is defined for i > -~ 
and j > -% and satisfies (1.1) for i >_ 0 and j >_ 0. 
Let t be an integer, Nt = {t, t + 1,. . .  } and ~ = N_~ × N-~-\N1 × N1. It is easy to construct 
by induction a double sequence {ui,~} which equals ~i,j on ~ and satisfies (1.1) on No × N0. 
Obviously, the solution of the initial value problem of (1.1) is unique. 
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A solution {A~j} of (1.1) is aid to be eventually positive (or negative) if A~j > 0 (or A~,i < 0) 
for all large i and j. It is said to be oscillatory if it is neither eventually positive nor eventually 
negative, and nonoscillatory otherwise. Oscillation of (1.1) has been investigated in [1-4,6- 
10,12,13,15]. In this paper, we shall be interested in obtaining some new oscillation criteria 
for (1.1). In particular, our results improve the corresponding results in [3,4]. 
2. LEMMAS 
To obtain our main results, we need the following technical lemmas. First of all holds obviously. 
LEMMA 2.1. Assume that for positive integers m, n and k >_ 1, equation (1.1) has a solu- 
tion {Am,n}, such that for m • {~h - ~, . . . ,  ~n + k} and n • {fi - T, . . . ,  fi 4- k}, and Pm,n >- 0 
for m • {rh,..., rh + k} and n • {a, . . . ,  a + k}. Then, 
d~A,~,a > akA,n+k,a+k, dkArn,n > bkA~+~,a, and d~Acn,a >_ ckArn,a+k. (2.1) 
LEMMA 2.2. Let k > 1, ~ and fi be positive integers, such that fn >_ 2a and a > 2~'. Assume 
that {Am,n} be a solution of equation (1.1), such that Am,n > 0 for m 6 {fn - 2a, . . . , (n + k} 
andn • {a--2T,...,a+k} andpm,, > q >_ O form • {H-a , . . .  ,~4-k} andn • {a- ' r , . . .  ,54-k}. 
Then, 
k-1 j 
k- l - i  "-ic~C~ dkA~,a > a Z d ~ b 3 jAr~+j+l-%a+l+~ 
j=0  i=0 
k--2 j 
+ aq ~-~.(j 4- 1) d k-2-j  ~ ~i- ie iC ia (2.2) L tr jnVn+j+l--i--a,n+l+i--r 
j=0  i=0 
k k--1 
4- x-~ b~-~c~C~A k ~ ~-" b k-l-~c~C~ A k rh+k--i,~+i4- tl _.~ k-1 ~nq-k-l-i--er,~q-i--'r. 
i=0 i=0 
PROOF. In view of (i.I), for i • {rh -- a,..., rh 4- k} and j • {fi - r,..., ~ 4- k}, we have 
dA~ 5 = aA~+Lj+~ + bA~+ij + cA~5+~ + p~,jA~-~d-r 
(2.3) 
_> aA~+15+~  bA~+~,i 4- cA~5+l 4- qA~_a,i_~. 
Hence, from (2.3), 
dA,~,e = aA,n+~,n+~ + bA,~+~,n + cAm,n+t + p,~,aAm-=,a-.: 
(2.4) 
_> aAm+l,a+l 4- bA,~+i,a 4- cAmm+l 4- qA,~_~,a_~-, 
and 
dA~+l,a -- aAr~+2,a+l 4- bArn+2,n T cAr;~+l,fi+l 4- p,n+l,c,A~+l-~,a-r 
>_ aA~+2,n+l 4-bA~+2,a 4- cA~+l,n+t 4-qA,n+l-~,n-~-, 
dA,~,a+l = aA~+l,a+2 4-bA~+l,a+t 4-cA~,n+2 4- prn,n+lArn-a.n+l-r 
_> aAm+l,~+2 4-bAr~+l,n+l 4-cA~,n+2 4- qArn-a,a+l-7, 
dAm-a,n-r -- aArn+l-a,a+l-r 4- bArn+l-a,n-T  cA,n-a,n+l-r 4- p,n-a,n-rAcn-2a, -2r 
>. aAr~+l-a,n+l-r 4- bAm+l-a,n-r 4- cArn-a,n+l-T 4- qArn-2a,a-2r. 
Thus, from (2.4) 
d2 A,n,a >__ a dArn+ l,a+ l -k abA,n+ 2,a+ l -k acA~+ l,¢~+ 2 
-4- b2A~+2,a 4-2bcAm+t,n+l + c2A,n,n+2 
+ apm,nA~n+l-a,a+l-~ + b (p~+l,a + P~,a) A,a+l-a,n-T 
(2.5) 
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Then 
1 
d2Am,~ >_ a dA,~+Lr~+t  a E .1_i ~ 0 C . ," lr i~+2_i, f i+1+i ~ aqArn+l-a,n+l-r 
i=0  
2 1 
b2-J cJ C j 1-j j j . + ~ 2A,-~+2_zn+i 4- 2q E b c C1A,~+I_j_~,,+,_~.. 
j=o j=o 
In view of the equality, for any positive integers m, n, and k, 
k 
k-- i  i i E b e C~ (bA~+k+l-i,~+~ + cAm+k_i,,~+~+~) 
i=0  
k 
bk+la ~ ~ l .k+ l - - i c io i  A 
. .7- . ,"xmTk+l,n "1- ~ u ',...,k.,"Xm÷k÷l--i,n÷i 
i=1  
k--1 
+ E bk-ic~+~C~Am+}-i,~+l+i + c~+~Am,~+}+~ (2,6) 
i= l  
k+l  = b Am+~+l,n + c~+lAm,n+l¢+~ 
k 
+ ' (ct + c i - ' )  
i----1 
k+l  
bk+l - i c iC  i A = ~ k+l  re+k,  1--i,n+i~ 
i=0  
and (2.4), we have 
1 
daA _ ,-~,e,> a d2A,~+l,e~+l + a d E bl-ieiAr~+2-i,r~+l+i + a dqA~+~-o-,~.+l-r 
i=O 
2 
b2-iciC i+ E 2 (aArn+3-i,~+l+i  bArn+3-i,~+i  cA~+2-i,~+1+i  qAm+2-i-,~,e+i-~-) 
i=0  
1 
+ 2q E bl-ieiCi (aAm+2-i-~,n+l+i-. + bA,~+2-i-,.,n+i-r + cA,~+~-i-~,.+l+i-~) 
i=0  
1 
_> a d2Ar~+l,~+l -I- a d E b l-i c~ Am+ 2-i,~+ l i -I- a dqA~+ l-~,~ + l-r 
i=0  
2 3 
a x'-" b2 - i  i , - . i -  . ~ ba- i c iC~ A C (.J2./4-ff-z+3_i,~÷l+i "1- ~ 3.,"~rYx+3--i,~+i 
i=0 i=0 
2 
+ q E 
/ ,2 - i  G ' -da  
u C <.z2.,-'~rT~+2_i_a,~+l+i_. r 
i=O 
1 2 
1--i i i + 2aq E b c C1Am+2_i_,,,~+l+i_ r + 2q E b2-iciC2A~+2-i-'~,~+i-~ 
i=0  i=0 
2 j 
"--i i i >aE d -JE  
j=o i=o 
1 j 
j=O i=0 
3 2 
+ E1.a-~ i~ i~ 3qEb c C~Ar~+2-i-a,.a+~-.r. u C I J3~÷3_ i ,~+ i ~- 2-- i  i i 
i=0  i~O 
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Assume that (2.2) holds for positive integer k > 3. Then, from (2.4) and (2.6), we obtain 
k-a j 
k--j "--i i i Z e 
j=0  i=0 
k -2  j 
+ aq E(  j + l)d k-1-~ Ebi-'ciC~A~+j+l_~_a,a+x+i_r 
j=O i=0 
k 
k- i  i i + E b c C~(aAm+~+x-i,~+l+i  bA,n+k+l-i,r~+i 
i=O 
+ cArh+k-i,f~+l+i + qArn+k-i-a,r~+i-r) 
k--1 
k - l - i  i i + kq E b c C~_ 1 (aA~+k-i-a,n+l+i-r 
i=0  
+ bAr~+k- i - , r ,~+i - r  + cA~+k- l - i -~r ,~+l+i - r )  
k j 
k- j  "-i i i >- E e E c 
j=O i=0 
k - - I  j 
dk- l - j  "-i i i + + 1) 
j=O i=0 
k+l  k 
q- ~-~ bk+l - i~ 'C  i A " " (k + 1)q E bk-iciC~Am+k-i-a'n+i-r" / ,  t. k+ l  rh+k+l--i,~+i T
i=0  i=0 
The proof is completed. 
From Lemma 2.2, we can obtain the following corollaries. 
COROLLARY 2.1. Assume that a > 0 and r > O, and for ~ > 3a and fi > 3T , {Am,n} is a solution 
of equation (1.1), such that Am,n > 0 for m 6 {rh-3a , . . . ,  r~-l-r+l} and n 6 {fi--3T,..., f i+a+l}  
and Pm,n >- q >- 0 for m ~ {rh - 2a , . . . ,  ~h + r} and n 6 {~ - 2 r , . . . ,  fi + ~}. Then 
- -a -1  r - l~- I  b=c'Ca~+r) Arn,n 
(2.7/ 
l 'C  r -1  + bc(~r + T)C;+r/d ) } Am-a,n-r. < {d a+r - qba-lc r-1 (a(a + r -- ] a+r -2  
PROOF. From Lemma 2.2, we have 
a+' r - -1  j 
da+rAm_a,n_r > a ~ aa+- - l - j  ~ M- ic iC i  A _ ~ ~ ~ j r~--aTj+l-- i ,n--r+l+i 
j=O i=O 
a+r-2  j 
+ aq ~ (j + 1) d ~+r-2-j v"  ~--'c~C~-- j Z'Xrn--a + j+ l--i--a, ft-1"+ l +i-v 
j=0 i=0 
o'+.7- 
+ E b~+r-lciCi A o'+'r ~-- trTaTr- l+l - - i ,~-- ' r+i  
i=0  
a+r - I  
+ (a + r)q E ~+'-l- ic~Ci A 
i=0 
> adb~-lc ' -tcr-1 a aq(a l~b=-tc~-aC "-a A 
_ a+v_2~r~, f i  + + T - -  ) o'+'; '--2 ~--et,  f i - - r  
=r T T O" T--1 "1"--1 + b c C~+rAm,n + (~ + ~)qb e C~+r_lAm_~,n_r_x 
+ (a b ~-1 ~ + r)q c C~+r_lAr~-a-l,~-r. 
From Lemma 2.1 and the above inequality, (2.7) holds. The proof is completed. 
Oscillation Criteria 295 
COROLLARY 2.2. Assume that for integers rh >_ 2a + r and fi >_ 2r + o, {Am,n} is a solution 
of equation (1.1), such that Am,,~ > 0 for m E {rh -20-  1 , . . . , rh+a+r+2} and n E 
{~-2r -  1 , . . . , f i+r+a+2} and p~,~ > q >_ 0 for m e {rh-o -  1 , . . . ,~+o+r}  
and n E {~ - T -- 1 , . . . ,  ~ + r + 0}. Then, if 0 > 0 and r > O, we have 
(d ~+r+l - a dq(a + r - l)o c %~+~-2 
D,ba+lcr_~cr_l  A (2.8) >(a+r+ ~ ~+~ ~,~, 
- , -a -1  r - l f * r -1  -- (0 + r + l )q a+r) Am+~,n-, (d a+r+l -adq(O÷T- l )O  c ~a+r-2 , ,  bacrC r x 
l ~b~_lcr +lcr+ l A (2.9) >_(o+r+ ~u ~+r m,~. 
PROOF. From (1.1), we have 
dAm,n >_ qAm-~,n-r, (2.10) 
for m ~ {rh - a - 1 , . . . ,~  + o + r} and n 6 {fi - r - 1 , . . . ,  ~ + o + r}. From Lemma 2.2. 
and (2.10), we obtain 
e+r- -1  j 
da+r+lA~_~,n+i > aq E (J + 1) d a+r- l - j  x-'~, ~-i iC~A -- 2.~ IT e j ~--l-kj+l--i--~,~+l+l+i--r 
j=O i=O 
¢rq-v 
+ (o + r + 1)q E ba+r-ieiCi A ~r+r r~--l+a+r--i--a~+l+i--r 
i=0 
I~b'-~C-~C ~-~ A > adq(a + r -   o+r -= ~-~,~+~ 
+ q(a + r + 1)b~+lc~-~C~+~rA~,n + q(a + r + 1)b%rC~+~A~_l,~+~. 
Hence, (2.8) holds. Similarly, (2.9) holds. The proof is completed. 
COROLLARY 2.3. Assume that for integers rh >_ 20 + r and fi >__ 2r + a, {Am,n} is a solution of 
equation (1.1), such that Am,,~ > 0 for m ~ {~ - 20, . . . ,  ~ + a + r + 2} and n ~ {5 - 2 r , . . . ,  fi ÷ 
r÷o+2} andpm,~ >_ q > 0 fo rm ~ {rh -o , . . . , rh+oq- r+ l}  andn ~ {~-r , . . . , f i+r+o+l} .  
Then, for 0 > 0 and r > 0 
(d a+r - aq(a + r)b~-tcr-lcr+lr_2) A~+~,n+l 
>_ (qd- lbacrCr+r+q(o ~ r--1 r--1 + r)b c C[~+~_1) A~+I,~ 
-~ba-lcrC r + ~(" d-lba-lcr+lcr+l~+r  q(o + r) ~+~-1) A~,~+I. 
PROOF. From Lemma 2.2 and (2.10), we have 
~+r-1  j 
da+rArh+l,fi+l ~__ a E da+r - l - JEb J - i c iC~Arh+l+j+ l - i ' f i+ l+ l+ i  
j=0  i=0 
a+r- -2  j 
+ aq E (J + 1)d a+~-2-j Eb/ - ' c 'C jAm+l+j+l - i -~ ,n+l+l+ i - r  
j=O i=0 
cr -{-~" 
+ E b~+~-iciCi~+ ~A~+l+~+r-~'n+~ 
i----O 
~+r-1  
+ (o + r)q ~ b'+~->%~C~+~_lA~+l+~+~-~-~-.,~+~+i-~ 
i=0 
a b~- le r - l c  r-1 A q a+r - -2  rh+l ,~+l  
lXba- ler - l c  r-1 A + aq(o + 7 -  ) a+r-2 m+l,n+l 
d- lba- lcr+lc~+l A + qd-lb~c~Cr+rAm+l,n + q ~+r re,n+1 
+ q(a + r )b%r- lc~+l_ lA~+l ,a  + q(o + r)ba-lcrCr+r_lA~,n+> 
Hence, (2.11) holds. The proof is completed. 
(2.111) 
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LEMMA 2.3. Assume that the conditions o[ Lemma 2.2 hold and q = O. Then, 
k-1 .~ 
_ k - - j - - I  "--i i i . . . .  
j=0  i=0 
+a E d k -u -2  b~-3c ~ EPm+s,~+t A~n+u+l-~-a,~+l+j-r  
u=0 j=O t=O 
k 
+ E ~'k-iciCi~ 
+ b - -Jc 
j=O t ,  s=O t=O 
(2.12) 
PROOF. As in the proof of Lemma 2.2, we know that inequality (2.5) holds, and then (2.12) 
holds for k = 2. Assume that (2.12) holds for any k _> 2. Then, from (2.3), we get 
k-1 j 
j=0  ,=0 
u=0 j=0 t=0 
k 
k--i i i + E b e C~ (aAm+k+l-i,r~+l+i + bA,~+l+k-i,n+i 
i=O 
+ cA~+k- i ,~+l+i  + P~+k- i ,n+iA~+k- i -er ,n+i - r )  
+ j 
j=0  ~, s=0 t=0 
+ bAr~+k- j -a ,n+j - r  + cA~+k- l - j -a ,n+l+ j - r )  
k j 
"--i i i 
j=0  i=0 
+a E d k-'~-t b~'-Jc i Ep,~+.,.+t A.~+,.+I-~-~,.+I+j-. 
u=O j=O t=O 
k+l 
1,k+l-i~it~i A " + u ~ ~'Jk+l ff~+k+l--i,~+i 
i=O 
+ Ebk- Jc J  Ep~+s,n+, Am+k-j-~,n+j-r. 
j=O t----O 
The proof is completed. 
COROLLARY 2.4. Assume that a > 0 and r > 0, and for 6z > 33 + r and ~ >_ 3r + a, {A,~,n} 
is a solution of(1.1), such that Am,n > 0 for m e {rh - -2a - -1 , . . . , rh+a+~'+2} and 
n E {f i - -2T - -1 , . . . , f i+a+T+2},  Pm,n >_ 0 form E {rh-~r - -  1 , . . . , rh+a+r  + 1} and 
m--1 n--1 n E {R- l - -  1,. . .  ,R+cr +7-+ 1}, and )-~i=m-a ~j=n-. Pi,j >_ ~>_ 0 form e {rh,...  ,rh+a+ 1} 
and n E {n . . . .  , fi + ~- + 1 }. Then, 
{d a+r+~ - ~tba-lcr-~(ad + bc)} A,~_Ln+t >_ (tba+lcr-lA~.r,, (2.13) 
{d ~+~'+1 - qba-lc~-l(ad +bc)} A,n+l,~-I >_ qb~-lcr+lA~a,~ • (2.14) 
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PROOF. From Lemma 2.3, we have 
da+r+ l Arn_ l,n+ 1 
>_ a ~ £,+,--1-~ b,~-~c~ Epm+8,n+t A~-l+u+l-j-~,e~+l+l+j-r 
u=O j=O t=O 
+ E ba+r-JcJ P~+s,fi+t n~- l+a+r- j -a ,n+l+j - r  
j=0  k s=0 t=0 
>_ adba-le r-1 Eprn+s,n+t Arn-l,n+l + ba+lc r-1 P,n+s,n+t Arn,e~ 
%,s=0 t=0 ~, s=0 t=0 
+ bac r Eprn+8,~+t  Azn- l ,n+l  
8=0 t=O 
> qba-tC-l(a d + bc)A~_~,a+~ + ~tb~+tc~-~A,~,a. 
Hence, (2.13) holds. Similarly, (2.14) holds. The proof is completed. 
COROLLARY 2.5. Assume that the conditions of Corollary 2.4 hold. Then, 
(d a+r - a(lba-le r-l) Am+l,n+l >_ (tba c~'-l A,~+l,r~ +~lba-lcrAm,e+l. (2.15) 
PROOF. From Lemma 2.3, we have 
d~+rAm+l,n+l 
2a E da+'-2-"Eb~'-JcJ  Ep~+s,a+t A~+l+,+l- j -~,,+l+l+j-r 
u=O j=O t=O 
+ E b=+r-t-JeJ Ep,~+s,a+t A~+I+=+T-I-j-a,n+I+j-, 
]=0 ~, s=0 t=0 
>_ aba-lc r-1 Ep,~+~,~+t Am+l,~+l + b~c r-1 Ep,~+s,~+t A~+I,~ 
k s=O t=O s=O t=O 
+ ba-lc r Ep~+s,~+t Arn,g+l 
k s=O t=O 
>_ aqba-i cr-i A~+l,n+ i + Ctba c~'-i Am+ I,n + qb~-iCArn,n+i • 
Hence, (2.15) holds. The proof is completed. 
Define a set E of real numbers as follows: 
E =- {A > 0 [d - Apm,, > 0, eventually}. (2,16) 
LEMMA 2.4. Assume that pm,,~ > 0 eventually and there exists a constant M > O, such thai; 
sup ), ]1  < M (2.171t 
)~@E, m>_S, n>T \ i=m-a j 
for all sufliciently large positive integers S and T, where ~ is a positive constant. Then the set E 
defined in (2.16) is bounded. 
PROOF. The lemma holds obviously if limsupm,,-~oopm,n > 0. If limsupm,n_.ooPm,n = 0 and 
the set E is unbounded, then there exists A0 6 E and Ao > C = 2M/d ~r, such that for any 
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sufficiently large positive integers S and T, 
(  
m-l n-1 
SUP x0 
m>S,TQT 
n n (d-AOPi,j) E<M. 
km-u j=n-r ) 
(2.18) 
Since lim sup m,7+-cc p,,, = 0, then there exist S and T, such that 
Hence, 
for all m 2 S and n 2 T. 
m-l n-1 
SUP x0 
m2S,QT ( J-J j--J (d- XOPi,j) km-u j=n-7 1 E > qg = M, 
which contradicts (2.18). Thus, the set E is bounded. The proof is completed. 
3. MAIN RESULTS 
For every eventually positive solution A = {A,,,} of equation (1.1)) we de&e a set S of the 
positive reals as follows: 
S(A) = {A > 0 I aAm+l,n+l + bAm+l,n + cAm,n+l 
-(d - Xpm,n)Am,n 5 0, eventually}. 
(3-l) 
In view of (1.1) and Lemma 2.1, we have 
aAm+l,n+l + bAm+l,n + cAmIn+ - dAm,n +pm,n(b”c’/d”+‘)Am,, 
I aAm+l,n+l + bAm+l,n + cAm,n+l - dAm,n + pm,nAm-,,n-, = 0, 
which implies that 
O < aAm+l,n+l + bA,+l,, + cA~,~+~ 5 
d _ buC7Pm,n A 
&+r > 
m,719 eventually. 
Hence, b”c7/da+7 E S(A), i.e., S(A) is nonempty. It is easy to see that for any X E S(A), 
aAm+l,n+l + bAm+l,n + cAm,n+l 6 (d - Apm,n)Am,n, eventually, 
i.e., (d - bm,n)Am,n > 0 eventually, and then X E E, which leads to S(A) c E. 
THEOREM 3.1. Assume that there exists a positive constant Q > 0, such that 
(i) C~~wo C~~~-,Pi,j 2 Q, eventually; 
(ii) there exist S, T E j’V1 = {1,2, . . . }, such that 
m-1 n-1 
sup n n (d-&,j) for 0 <CT 5 T, (34 
XEE, m>S, n>T km--a j=*--T 
or 
m-l n-1 l/T 
SUP n n(d-h~j) <ales, forc>T>O, (3.3) 
XEE, m>S, n>T km-u j=n-i- 
where 
b dQ+’ 
CY = &+r _ aqba-lc~-l 
qd”+7b”+lC7 
+ (&+T - q&-lc7-1) (@+~+l - q(y-lc-l(& + bc))’ 
P= 
&+’ qdU+TbUCT+l 
du+T _ aq~b”-lc~-l + Cd U+T _ uq&--lc+l) (@+T+’ - qbu--lC-l(ad + bc))’ 
Then every solution of (1.1) oscillates. 
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PROOF. Suppose to the contrary, let {A~,n} be an eventually positive solution. From Lemma 2.4,, 
the set E and S(A) are bounded. Let # E S(A), then by Corollaries 2.4 and 2.5, we have 
(d - #pm,,OA,mn >__ aAm+i,,~+i  bAm+i,,~ +eA,m,~+l >__ aA~+i,,~, (3.4) 
(d - ttp,,~,,~)Am,n >_ aA,~+i,n+l + bAm+i,n + cAm,,,+i >_ ~A,,,,,~+i, (3.5} 
From (3.4), for all large m and n, 
aAm,,~ <__ (d -  #Pm-i,n)Am-i,n, 
aAm-~,+l,,, <_ (d -  ~pm-~,~)A.~-,r,~, 
Hence, 
~a Am, n ~- 
Similarly, from (3.5), we obtain 
From(3.6) ,we have 
m-1 
H (d- ~p,,n)Am . . . . .  
i~r r t - -  a 
n - -1  
BrA~-~,~ <- H (d-#pm-ad)A~-a,n-r. 
j-~n--T 
Hence, by Lemma 2.1, 
T 2 
(_~ ... , d] (aaAm'n)" <- (d )  ¢ (~- i ) /2~'A  . . . .  i A.~._~ 
< 
Similarly, from (3.7), we obtain 
~r 2 
Therefore, 
j = 0 ,1 , . . . , r .  
m--1  n - -1  
A ~- 
i=m-cr j-..=n--'r 
m--1  n - -1  
A ~ H 1-I (e-.p,,j) .~_~,o_ . .  
i=m--a j=n--'r 
Am-a,n--,-, for ~ _< r, 
for a > T. 
E S(A). 
m,,~ <__ I-[ I-[ (d-.p,,j) 
i=m--a j=n--'r 
[ m-i  n- i  \ 1/-~ 
If a < % then in view of (3.11) and (1.1), we obtain 
m~_M,n~_N \ i=m- -a  j=n- r  
(3.6) 
(3.71t 
(3.8) 
(3.9) 
(3.1o) 
(3.11) 
(3.12) 
(3.13) 
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On the other hand, (3.2) implies that there exists 0 E (0, 1), such that 
( ~1 n--1 ) (d)a ib)a sup A H (d - Ap,,j) < 0/3r < fir . 
AEE, re>M, n>N \i=m-a j=n-r 
Hence, 
(~ ln - -1  ) lb la  
sup ~ H (d -  ~p~,~) < 0fv . (3.14) 
re>M, n>_N \i=rn--q j=n--r 
In view of (3.13) and (3.14), we obtain (#/0) E S(A). Repeating above procedure, we obtain 
# E S, r = 1,2, . . . ,  
which contradicts the boundedness of S(A). 
The second result can be proved similarly. The proof is completed. 
COROLLARY 3.1. Assume that for all large m and n, 
m-- i  n--1 
1__ ~ E p,,J >- ~ >- o (3.15) (TT 
i----r~--gr j----n--T 
and 
or 
(b )  ~ dr+lT-r 
4/3r > (7" + 1) r+l for a < r, 
(d)  r d"+la~ 4a~ > (a + 1) ~+1 for a > r, 
where a and/3 are defined in Theorem 3.1. Then every solution of (1.1) oscillates. 
PROOF. If a _< T, then we see that 
(3.16) 
m--1 n--1 
E E = 
{----m--o" j=~- - ' r  
E E (d -  Api,j) _> a~- H (d -  Api,j) 
i=m--a j=n--~" \i=m--a j=n--r 
Hence, that for all large m and n, 
cr--~ pi,j >_ (d - APi,j) 
i=m--er j=n--. \i=m--er j=n--. 
(3.17) 
(3.18) 
Taking limits on both sides of (3.18), we obtain (3.2). By Theorem 3.1, every solution of equa- 
tion (1.1) oscillates. 
The second result can be obtained similarly. The proof is completed. 
( z )  a m-1  n--1 4/3" _> (7- + 1),+ 1 _> maxA~>0 d - --aT- Y~ P~'J i=rn--a j=n--. 
> x R (e-ap,,j) \i=m--a j=n--. 
It is easy to see that maxA(d-  RA) r = dl+r'rr/(R(1 + 7-)i+r) for a positive constant R. Hence, 
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THEOREM 3.2. Assume that there exists a positive constant q > O, such that 
(i) Pid >-- q, eventually; 
(ii) there ex/st  S, T e N1 = {1, 2,.. .  }, such that 
sup A 
A6E, m_>S, n>_T 
(3.,u) 
where 
O1 = b+ 
~2 =C+ 
--": Ol + ~2" 
--i a r r (0" ¢r r - -1  r-i aqd b c C~+ r + +r)aqb c C~+r_ ~ 
da+r  n~hc- l~r -1 /~yr -1  - aq(a + r - l~ha- l~r - - l Fyr -1  
- -  ~ ~ ~a+r-2  
a ,',H- 1ha-  1,'r + 1(~'- r+  1 (o- r)aqb*-lc*C~+r_l . . . .  a+r + + 
d.+ . . . .  ~ . - l~r - l~r -1  - aq(a + r -  1~b~-1c~-1C ~-1 ' 
~ ~ ~a+r-2  / ~+r -2  
(~r + r + l~"b"+lcr-~c '-1 
l~ha- l " r - l (T r -1  - -  (0" + r d~+~+ 1 - adq(~ + r -  .  ~ ~+~-2  + 1)qb 'c~Cg+~ 
and 
l~aba-ler+lcr+l (a + r + ,~ ~+~ 
d ~+~+1 - adq(a + r - 1)ba-lcr-lC~+~_2 - (~r + 7 + 1)qb~crC~+~ " 
Then every solution of equation (1.1) oscillates. 
PROOF. Suppose to the contrary, let {Am,n} be an eventually positive solution of equation (1.1). 
Due to Condition (i), the set E and S(A) are bounded. Let # 6 S(A), then by Corollaries 2.2 
and 2.3, we have 
(d - ~pm,=)A,~,~ >_ aA,~+t,n+l + bAm+t,,~ + cAm,~+l >_ 5~Am+Lm (3.20) 
(d - #p~,=)A~,= > aA~+l,=+l + bA~+l,~ + cA~,=+l > ~A~,=+I. 
Hence, from (3.20), we have 
(3.21) 
m--1 
~Am, ,  <_ H (d -#p i ,n )Am-a , , .  (3.22) 
Similarly, from (3.21), we obtain 
n-1  
--T A m-~,,  < 1-I (d - I~pm_~d)Am_~,~_r. (3.23) 
From (3.22) and (3.23), we have 
5aRrA < 
m--1 n--1 
I ]  (d- #p,,n) I I  (e-  up . . . .  j)A.~_~ . . . . .  
i=m- -c  j=n- - r  
(3.24) 
Substituting (3.24) into (1.1) we obtain ( )_1 
m--i n- - I  
~" sup l-[ (d- ~p,,~) [ I  (~- "P~-~,J) ~ S(A). 
m>_S, n>T i=m-~ j=n- - r  
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On the other hand, (3.19) implies that there exists 0 E (0, 1), such that 
m--1 n -1  
sup A H (d -  Ap, m) H (d -  APm-,~o') _< O~"f~ " < (~'f~-. 
AEE,  m>_S,n>_T i=m-~ j :n - r  
Hence, 
m - i n-- 1 05la#r 
sup H I I  < - -  
m>_S, n>_T i=m--~r j=n- ' r  
(3.26) 
In view of (3.25) and (3.26), we obtain (~/8) 6 S(A). Repeating above procedure, we obtain 
/z 6 S, r = 1,2,. . . ,  
which contradicts the boundedness of S(A). The proof is complete. 
Assume that for all large m and n, pm,n >_ q and 
d~+~+l(a + T) ~+~ 
(a + r + i )  u+r+1 " (3.27) 
COROLLARY 3.2. 
q6~r  > 
Then every solution of (1.1) oscillates. 
PROOF. In view of the inequality 
sup A(d -  Aq) a+r = du+r+l(~ + ~')~+':/(q(a +'r + 1)a+r+l), 
xe(0,1/q) 
we can see that 
sup 
A6E,  m>__S, n>_T 
da+~'+l(cr + r) a+r 
<supA(d-Aq)  ~+~< sup A(d-Aq) ~+~=q(a+r+l )  a+~+l 
XeE ~(OA/q) 
< 5~a~ r. 
By Theorem 3.2, every solution of (1.1) oscillates. The proof is complete. 
THEOREM 3.3. Assume that for all large m and n, Pm,n >- 0 and 
lim sup Pm,n > 
TF/.~ n ---+ O0 
da+r+l 
bacrC~+r + adba-ler-lC~+l_2" 
(3.28) 
Then every solution of (1.1) oscillates. 
In fact, the conclusion of Theorem 3.3 is straightforward from (1.1) and Corollary 2.1. 
REMARK 3.1. To compare our results with results in [3], we consider the equation 
Am+l,n+l + Am+l,n + Amm+l - Am,,~ + Pm,nAm-a,n-r = O. (3.29) 
By Corollary 5 in [3], if ~ > r and 
0 "~ 
4> (a + I) ~+:' 
then every solution of (3.29) oscillates. 
Using Corollary 3.1, if 
~Ot <r > (a + I) ~+I' 
(3.30) 
(3.31) 
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then every solut ion of (3.29) oscillates. 
By the definit ion of a in Theorem 3.1, for (3.29) 
i q I 
c~ = l--Z- ~ -~ (1 - q)(1 - 2q) = 1 - 2-----~ > 1. (3.32) 
It is easy to see that  our condition (3.31) improves condition (3.30) in [3]. We can show that the 
other results of this paper are better than one in [3]. 
By Corollary 2.2 in [4], if 
(a + r) 
l iminf pm,~ = P > (a.33) 
,~ ,n~ (1 + a + r)  1+'+~" ' 
then every solut ion of (3.29) oscillates. 
From (3.27), if 
+ (3.34) Pc~/3~ > (1 + a + r )  1+~+~' 
then every solution of (3.29) oscillates, where ~ and f~ are defined in Theorem 3.2. 
In view of ~ > 1 and f~ > 1, our condition (3.34) is better than condition (3.33) in [4]. 
REMARK 3.2. Theorem 3.1 is also true for a = 0. In this case, our results are better than the 
corresponding results in [12]. 
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